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1. 
The object of this paper is to prove the isomorphism between the 
two simple groups of order 44,352,OOO which were defined by D. G. Higman 
and C. C. Sims [2], and by G. Higman [3]. D. G. Higman and C. C. Sims 
obtained their group as a group of automorphisms of a certain graph whereas 
G. Higman’s group is the collineation group of a 2-design (in the notation of 
D. R. Hughes [4]). The isomorphism was first proved by C. C. Sims [6], and 
then subsequently by J. H. Conway [I]. 
The basis of Sims’ proof was the construction of a “design” acted on by 
A&, (which we know to be a subgroup of index 100 in the Higman-Sims 
group), and isomorphic to the 2-design defined by G. Higman. The proof of 
the isomorphism of the designs was carried out entirely on a computer. In 
this paper we shall show that it is possible to prove the isomorphism between 
the two designs by analysing the structure of Ma, and using a result of the 
author [7]. We shall give an outline of the method only as the details of the 
proof are too long to give here.i 
The notation we use is standard and the same as in [7], with the following 
additions. 
Ma, , Ma, the Mathieu groups on 22, 24 letters. 
Ma, the normalizer of M,, in IW,, . 
It is possible, in an essentially unique way, [9], to define 77 6-element 
subsets, called blocks, of a set S of 22 points such that each 3-element subset 
of S is contained in exactly one block. This arrangement of the points S into 
blocks is the Steiner S(3, 6, 22)-system. Witt [9] has shown that the auto- 
1 This paper is based on part of the author’s thesis, a copy of which is in the Radcliffe 
Science Library of the University of Oxford. 
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morphism group of S(3,6,22) is isomorphic to M,, . Following Luneberg [5] 
we make the following definition: 
A 7-element subset m of S is called a hyperblock if each block intersects m 
in at most three points. 
Let M = lvaZ M = Mz, . We state several results from [5] in the following 
lemma. 
LEMMA 2.1. (i) There are 352 hyperblocks. 
(ii) -11 is transitive on the set of hyperblocks, but M has two orbits of 
length 176. 
(iii) The setwise stabilizer of a hyperblock in M (and in M) is isomorphic 
to a,. 
(iv) Let m and m’ be two hyperblocks. Then m and m’ are in the same 
orbit of M if j m r\ m’ 1 E {1, 3, 7}, and in d$jferent orbits if j m f~ m’ 1 E {0,2,4}. 
Let the orbits of M on the hyperblocks be v and Y. Sims calls the elements 
of rr, say, points and of Y quadrics, and he defines a quadric m and a point n 
to be incident if / m A n 1 E (0,4}. We wish to prove the isomorphism of the 
Sims’ design (.rr, U) and Higman’s geometry (P, 8). To do this we show how 
to define a one to one map v: ,(*I -+ !PJ such that (rr, Y, v) satisfies hypo- 
theses I, II’, and II” of [7]. Then, by Theorem 4.1 of [7], we see that &? has 
a subgroup isomorphic to M and of index 100. The isomorphism between &’ 
and the Higman-Sims group now follows by a result of D. Wales [8]. 
We now give the essential steps in obtaining q~: ,t2) + Y@). Let m be a 
hyperblock. It is not difficult to show that we have Table 1. 
We see that each point belongs to 50 quadrics. For each hyperblock m we 
let r(m) be the set of hyperblocks m’ such that / m n m’ 1 = Y. We would like 
to show that (.rr, U) is a 2-design for (176, 50, 14) and we have Table 2. The 
first two rows correspond to the case n E I(m) and the third and fourth to the 
case n E 3(m). In each case the upper of the two rows gives j r(m) n s(n)1 
for r, s E {0,4) and the second row gives the stabilizer (in M) of m r\ n n m’ 
for m’ E r(m) n s(n). 
TABLE 1 
No. of No. of 
1 m n m' 1 such m’ StM(m n m') j m n m' j such m’ St,&m n m’) 
-- - 
7 1 A, 4 35 [& x &I . & 
3 105 & 2 126 zj . z, 
1 70 v9 . z4 0 15 SI.(3, 2) 
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TABLE 2 
O(m) f-7 O(n) O(m) n 4(n) 4(m) n W 4(m) n 4(n) 
-- __~~ .-___ 
n E l(m) 0 6 6 2 
- D6 D6 . J, Z, 
~___ 
rzE3(rn) 2 1 1 10 
4 s4 s4 D, 7 V, 
From this we see that any two points belong to 14 quadrics, and so (r, Y) 
is a 2-design for (176, 50, 14). Th’ 1s verifies hypothesis II’ of [7]. We define 
9): x (2) 3 Yc2) as follows: 
if n E l(m), {m, ?z}q = 4(m) n 4(n). 
n E 3(m) {m,n}p, = {O(m) f-l 4(n)} u {4(m) n O(n)}. 
v is a one to one mapping and it is straightforward to show that (.rr, Y, p) 
satisfies hypotheses I and II”. We find that, for m, n l m, and {m, n}p = 
{m', n’), the maximal coherent sets containing m and n are: 
if m E l(n), {m, n} u {O(m') n 4(n’)} and {m, n} u {4(m') n O(d)} 
m E 3(n) (m,n} u O(m') n O(d) 
u {k ~4(m')n 4(d) 1 St(k n m' n a')~ D,] 
and {m, n} u (12 ~4(m’) n 4(d) / St(k n m’ n a')= V,). 
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